A plane problem for two identical piezoelectric semi-infinite spaces adhered by means of a thin isotropic interlayer is considered. It is assumed that a crack of a limited electric permeability occurs in the interlayer parallel to its faces. Combined electromechanical loading is prescribed at infinity. It is assumed that the interlayer is softer than the adherent materials. To avoid the singularities, which are typical for the Griffith crack model, two distinct zones -a zone of mechanical yielding and a zone of electrical saturation -of unknown lengths are introduced as crack continuations. These lengths can be essentially different, with the zone of mechanical yielding significantly longer or shorter than the zone of electrical saturation. Assuming that the interlayer thickness tends to zero, a constant normal stress is prescribed in the zone of mechanical yielding and a saturated electrical displacement is prescribed in the zone of electrical saturation. Outside of these zones, the semi-infinite spaces are assumed to be perfectly bonded. This formulation results in a linear fracture mechanics problem with unknown pre-fracture zone lengths. The problem, formulated mathematically by a system of two equations of linear relationship, is solved exactly. The unknown yield and saturated zones lengths are found from the conditions of finiteness of stress and electrical displacement at the ends of these zones for the both cases when the electrical saturated zone is longer and shorter than the zone of mechanical yielding. It is shown that the same equation as for the Griffith crack model can be used for the determination of the electrical displacement in the crack region. The main results of the paper are obtained in the form of simple analytical equations which are convenient for engineering applications. Some numerical illustrations in graphical and tabular form show dependencies of the pre-fracture zone lengths, the energy release rate, the mechanical displacement and electrical potential jumps on the electromechanical loading and the electrical permeability of the crack medium.
Introduction
Piezoelectric ceramics with enhanced electromechanical coupling properties have been intensively developed in last decades. Due to their remarkable properties, they are widely used in engineering as sensors, transducers and actuators. However, these materials are very brittle and predisposed to fracture. Their failure can be caused by high mechanical stresses or electrical fields. Therefore, it is very important to study the fracture behavior of piezoelectric ceramics under the combined action of mechanical stresses and electrical field. However, the problems related to the fracture mechanics of piezoelectric ceramics are rather complex mathematically. Despite of the substantial progress made by many authors, these problems still remain far from their complete solution.
An important aspect is a correct formulation of electrical conditions at the crack faces. Because cracks are usually filled with some media (air, water and so on), the properties of this media should be taken into consideration. Since it is not easy, special approaches has been used to model some simplified limiting cases. A study of electrically permeable crack was proposed by Parton (1976) . A study of the other extreme case of electrically impermeable crack was suggested and essentially developed by Deeg (1980) , Pak (1992) and Suo et al. (1992) . Since that time, many studies have been performed within the framework of these models. The crack face conditions accounting for the property of the crack medium were suggested in Parton and Kudryavtsev (1988) and Hao and Shen (1994) . These conditions, known as limited permeable or PKHS boundary conditions, have attracted much attention in the scientific literature, see e.g. Dunn (1994) , McMeeking (1999) , Xu and Rajapakse (2001) , Gruebner et al. (2003) and Wang and May (2003) . Govorukha et al. (2006) and Li and Chen (2008) applied these conditions to study interface cracks. Similarly, Wang and Mai (2007) introduced limited permeable magnetic conditions at the crack faces. Energetically consistent boundary conditions were suggested by Landis (2004) and developed by and Ricoeur and Kuna (2009) .
The consideration of a crack within the framework of linear fracture mechanics leads to singularities in stresses and, for piezoelectric materials, in electrical displacements at the crack tips. Different ways of removing the crack tip singularities for cracks in homogeneous isotropic materials and modeling of fracture processes were proposed in the papers by Leonov and Panasyuk (1959) , Dugdale (1960) and Barenblatt (1962) . A cohesive zone model was developed by Needleman (1990) , Tvergard and Hutchinson (1993, 1996) , Tvergard (2001) and others. According to these models, it is assumed that there exists a cohesive zone ahead of the physical crack tip. This zone consists of two crack faces attracted by cohesive traction. This cohesive traction is related to the separation displacement by some cohesive zone model. Under the external load which is applied to the system, the two cohesive surfaces separate gradually, leading to the crack growth when the distance between these faces at the tail of the cohesive zone (physical crack tip) attains a critical value. Cohesive zone models have been actively developed till now and different cohesive laws have been suggested (e.g. Nairn, 2009) .
The way of eliminating the electrical displacement singularity for an electrically insulated crack in a homogeneous piezoelectric material was suggested by Gao and Barnett (1996) by means of a strip saturation model. Similarly to Dugdale (1960) , it was assumed that the electrical polarization reaches a saturation limit in a line segment in front of the crack. The length of this segment was found from the condition of finiteness of electrical polarization at the boundary point of the segment. The energy release rate (ERR) for this model was analyzed by Gao et al. (1997) . A strip saturation model for an electrically permeable crack was studied by Ru and Mao (1999) . The effects of the saturation condition on the near-tip field and on the stress intensity factor, as well as the influence of the crack orientation with respect to the electrical polarization direction was investigated by Ru (1999) and Wang (2000) for an electrically impermeable crack. A crack in the form of vanishingly thin but finite height electrically permeable rectangular slit was considered by Li (2003) . He analyzed the influence of the height on the saturation parameters. Electrical saturation zone of circular and elliptical form was studied by Jeong et al. (2004) and Beom et al. (2006a,b) . An electrical field saturation model was developed by Zhang and Gao (2004) and Wang and Zhang (2005) for an electrically impermeable crack. It was assumed in these models that the electric field strength is equal to the dielectric breakdown strength. A numerical analysis of this model for a finite size body was performed by Fan et al. (2009) .
In electromechanical devices, piezoelectric materials with identical physical properties can be connected by means of a very thin ductile interlayer. Cracks can occur either in this layer or at one of the interfaces between this interlayer and one of the substrates. Taking into account that the interlayer is usually much softer and has a smaller yield stress than the adjacent materials, considerable zones of mechanical and electrical nonlinearity can appear in this interlayer at the crack continuations. A plastic yield at the tip of a crack in a thin constrained layer was studied by Varias et al. (1991) , Turner and Evans (1996) , He et al. (1996) and Pickthall et al. (2002) . Kakramkar et al. (2008) artificially introduced an interlayer for modeling crack propagation between two different materials. Modeling of fracture process zone at the tip of a crack reaching the non-smooth interface between different materials was performed by Kaminsky et al. (2008) . An analytical analysis of the plastic zone at a corner point of an interface was carried out by Kipnis and Polishchuk (2009) .
Different studies of fracture process zone for a crack in an interlayer between two materials were performed. Concerning the piezoelectric materials, the accounting of the mechanical and electrical yielding was performed by Shen et al. (2000) for mode III interface crack. Loboda et al. (2007) considered mechanical yielding for an in-plane electrically permeable crack in an interlayer between two different piezoelectric materials, and Loboda et al. (2008) took into account additionally the electrical saturation for a similar problem, but for the case of electrically impermeable crack and identical upper and lower material properties. In the paper by Lapusta and Loboda (2009) , the assumption of limited permeability for a crack in a thin interlayer between two identical piezoelectric materials was adopted. A special approach based upon the assumption of equal lengths of mechanical and electrical yield zones was developed. In the present paper, a similar problem for a limited permeable crack in a thin interlayer between two identical piezoelectric materials is considered in a general formulation for different mechanical yield and electrical saturate zone lengths. The developed model is formulated mathematically and solved exactly by means of the problem of linear relationship in terms of piecewise analytic functions.
Formulation of the problem
Consider a material consisting of two substrates and a thin interlayer. The two substrates are semi-infinite piezoceramic spaces x 3 P h=2 and x 3 6 Àh=2 ( Fig. 1 ) with identical properties defined by elastic moduli c ijkl , piezoelectric e lij and dielectric e ij constants (Parton and Kudryavtsev, 1988) . The piezoelectric material has the symmetry class 6 mm with the poling direction x 3 . The semi-infinite spaces are connected by means of a very thin isotropic layer Àh=2 < x 3 < h=2 containing a crack of length 2a parallel to the faces of the layer. The mechanical load and electrical displacements are uniformly distributed at infinity and are given by r . Because the load does not depend on the coordinate x 2 and taking into account the abovementioned material symmetry, a two-dimensional plane strain problem in the x 1 ; x 3 -plane ( Fig. 1) can be considered. In this figure, for certainty, the crack is located in the center of the intermediate layer. It is assumed that the crack surfaces are traction-free and the electric field inside the crack can be found as
The signs (+) and (À) indicate the corresponding function on the upper and lower crack faces, respectively. Taking into 
which was introduced earlier by Hao and Shen (1994) . The constitutive relations for a linear piezoelectric material in the absence of body forces and free charges can be presented in the form by Pak (1992) :
In (2)- (6), u k ; /; r ij and D i are the elastic displacements, electric potential, stresses and electric displacements, respectively. c ijkl ; e lij and e ij are the elastic, piezoelectric and dielectric constants.
Here and henceforth, small subscripts run from 1 to 3, and capital subscripts run from 1 to 4. The summation convention is used for the repeated indexes.
Interlayer modeling
Because the intermediate (adhesive) layer between two substrates is very thin with respect to the crack length, its thickness is neglected in most cases. By this way, one arrives at the problem of a Griffith crack of length 2a with limited electrical permeability in a homogeneous piezoelectric material. The solution of this problem has been obtained by Hao and Shen (1994) and confirmed by other authors. According to Govorukha et al. (2006) the normal stress and the electrical displacement for x 1 > a; x 3 ¼ 0 can be presented in this case in the form
where D ¼ D 3 ðx 1 ; 0Þ for x 1 2 ðÀa; aÞ is a constant value of electrical flux. This value can be defined from quadratic equation following from Eq. (1). For details, see e.g. Eq. (39) situated further in this paper. It follows from the formulas (7) that, for this model, both the normal stress and the electrical displacement are singular at the crack tip, and the associated intensity factors are
respectively. The ERR in this case can be found in a traditional way (J-integral for the Griffith crack) and has the form
where H ij are the elements of the matrix H introduced by Suo et al. (1992) .
In reality, neither the normal stress nor the electrical displacement is singular at the crack tip. To formulate the model without the mentioned singularities, we assume that the intermediate layer has the properties of elastic-perfectly plastic material and the zones of mechanical yielding and electrical saturation in the considered system develop only in this interlayer ahead of the crack tips. These regions can be called pre-fracture zones of electromechanical yielding. Moreover, because the interlayer is very thin with respect to the crack length, its thickness can be neglected. Therefore, we assume that, at x 3 ¼ 0, the upper and the lower materials are mechanically bonded for jx 1 j P b and electrically continuous for jx 1 j P c. Similarly to Dugdale (1960) , we model the mechanical yield zones jx 1 j 2 ða; bÞ; x 3 ¼ 0 by crack continuations and assume that in these zones
where r Y ¼ ar ys , r ys is the yield stress of the interlayer and a is the plastic constraint factor depending on the configuration. According to Wang (1997) , the recommended value of this factor is 2.0 for the case of plane strain. Therefore, we will use this value of the parameter a in the following analysis.
Note that the above-mentioned zones can appear due to yielding or damage of the interlayer. Generally, the normal stress r 33 in these zones depends on the coordinate x 1 (Varias et al., 1991) because of constrains. However, as a first approach for avoiding the stress singularity, we assume here that r Y is a constant value in the yield zones.
The electrical saturation zones occupy the intervals jx 1 j 2 ða; cÞ; x 3 ¼ 0. For them, similarly to Gao and Barnett (1996) , we assume that
where D s is the saturated electrical displacement of the interlayer.
Recall that the signs (+) and (À) are related to the upper and lower crack faces. It is also assumed, similarly to a Griffith crack with a limited electrical permeability in a homogeneous piezoelectric material (Hao and Shen, 1994; Wang and May, 2003) , that the electrical flux through the crack region (Àa, a) has a constant value D
This assumption will be justified later and the unknown constant D will be found.
In such a way, we arrive at a linear fracture mechanics problem for a limited permeable crack (Àa, a) with mechanical yield zones jx 1 j 2 ða; bÞ and electrical saturation zones jx 1 j 2 ða; cÞ in a homogeneous piezoelectric material under the following conditions at its faces ( Fig. 2) :
In Fig. 2 , two possible situations related to the lengths of the mechanical yielding zone l r ¼ b À a and of the electrical saturation zone l D ¼ c À a are presented. Case (a) illustrates the crack configuration when the mechanical yield zone is shorter than the electrical saturation zone ðl r 6 l D Þ and (b) is related to the opposite one.
The following conditions of mechanical and electrical bonding: should be satisfied as well. Note that, if the introduced mechanical yield zones and the electrical saturation zones described by Eq. (13) are neglected, one arrives naturally at the model of a Griffith crack with a limited electrical permeability in a homogeneous piezoelectric material. This model has already been mentioned and presented by formulas (7)-(9).
Exact analytical analysis of the model
In this paragraph, an exact analytical solution for the problem formulated by the relations (2)-(6), conditions at infinity and interface conditions (13) and (14) with additional electric condition (1) in the crack region will be presented. The following relations for a piezoelectric bimaterial:
presented by Herrmann et al. (2001) will be used. In these relations ½V 0 ðx 1 ; 0Þ ¼ V 0ð1Þ ðx 1 ; 0Þ À V 0ð2Þ ðx 1 ; 0Þ; 
using only the following part of the matrix G:
Moreover, for piezoceramics of class 6 mm (Parton and Kudryavtsev, 1988 ), the relations G kl ¼ ig kl ðk; l ¼ 3; 4Þ hold true and all g kl are real. Satisfying the interface conditions (13) and (14), one arrives at the following problem of linear relationship:
As it will be shown later, both cases b < c and b > c can occur in practice. Since the solutions of the considered problem for these two cases are different, the analysis will be carried out separately for each of them.
Mechanical yield zone is shorter than the electrical saturation zone
For a shorter mechanical yield zone ðÀb; bÞ & ðÀc; cÞ, one can find from (19) and (20) for x 1 2 ðÀb; bÞ that
where
The condition at infinity for the function W 3 ðzÞ follows from Eq. (17) and can be written in the form
Solution of the problem (21) and (22), according to Muskhelisvili (1963) , can be presented as follows:
It is interesting to mention some other presentations of the function g 1 ðz; yÞ in the form
which were used by Panasyuk (1968) and Wang (2000) , respectively. From Eq. (20), one gets
It follows from Eq. (17) that The solution of the problems (24) and (25) similarly to the solution of (21) can be presented in the form
Expressions of the normal stress for jx 1 j > b and of the electrical displacement for jx 1 j > c can be found by using Eq. (17) and can be written in the form r 33 ðx 1 ;0Þ ¼ ½r 
hold true. These equations define the length of mechanical yield and electrical saturation zones. Consider now the jumps of the normal displacement and the electric potential. From Eq. (15) The obtained expression can be used to determine the normal mechanical displacement jumps ½u 3 ðx 1 ; 0Þ at any point of the interval (Àb, b) . At the initial crack tip, it has the following value:
In a similar way, using (15), the electric potential jump can be found in the form
At the initial crack tip, its value is
Further it is necessary to find the value of the electrical flux D from Eq. (1). The coefficient of ½uðx 1 ; 0Þ=½u 3 ðx 1 ; 0Þ is not a constant value at the interval ðÀa; aÞ in this case according to the formulas (30) and (32). Let us show that its variation at this interval is extremely small. We use for this purpose the following expressions for the displacement and electrical potential jumps (Govorukha et al., 2006) :
obtained for the above-mentioned Griffith crack with limited electrical permeability in a homogeneous piezoelectric material (see Eqs. (7)- (9)). In this case, with the use of the relation iG À1 ¼ H, 
which completely agree with Hao and Shen (1994) . This equation can be reduced to the following quadratic equation: 
For the required value of D, the root should be chosen for which ½u 3 ðx 1 ; 0Þ is positive. Let us carry out a numerical analysis for the piezoelectric material PZT4 (Parton and Kudryavtsev, 1988) . The values of the electromechanical constants for this material are presented in Appendix A. Fig. 3 It can be seen from Fig. 3 , that, near the right crack tip (9.8 mm, 10 mm) and similarly near the left crack tip (À9.8 mm, À10 mm), some difference exists between our results (solid lines) and the Griffiths model (dashed lines). This difference becomes more evident in the very vicinity of the crack tip. In the remaining part of the crack region (À9.8 mm, 9.8 mm), the difference in the results is practically invisible. It means that, for the considered model, except for a very small zone near the crack tips, the electrical flux through the crack region is practically constant and Eq. (36) or (37) can be used for its determination with sufficiently high accuracy.
Mechanical yield zone is longer than the electrical saturation zone
Analysis of the case b P c is mathematically somewhat similar to the case b 6 c. Therefore, only some main points of the solution will be presented here. In this case, the systems (19) and (20) has to be solved. Its solution is found, like in the previous paragraph, in the form
The position of the points b and c can be found from the following equations:
With an account of the latter equations, the electric potential and the normal displacement jumps have the following form: 
and their values at the initial crack tip are found as
Similarly to the case b 6 c, the coefficient ½uðx 1 ; 0Þ=½u 3 ðx 1 ; 0Þ is not a constant value at the interval (Àa, a) according to the formulas (42) Like in previous paragraph, some difference between the results obtained by our model (solid lines) and the Griffiths one (dashed lines) appears (Fig. 4) closely near the crack tips. In the remaining part of the crack region, this difference in the results is almost invisible. It means that, for the case b P c, like for the case b 6 c, the electrical flux through the crack region is almost constant and Eq. (36) or (37) can be used with high accuracy for its determination.
Analysis of Eqs. (28), (29) and Eqs. (40), (41) shows that inequality b 6 c is valid if the inequality
holds true. In the opposite case, the inequality b P c is valid.
Energy consideration
The J-integral for the Griffith crack is presented above by the formula (9). Consider now the determination of the J-integral for the developed model with pre-fracture zones. We denote it as J Y .
Following Gao et al. (1997) , we use the contour C closing the points a, b and c. In this case
where W is the electric enthalpy. Using the path-independent property of J Y , tending the contour C to the pre-fracture zone ða; cÞ for b < c or to ða; bÞ for b > c and taking into account that the thickness of this zone tends to zero, one gets Taking into account that, according to (13) and (14) 
where d 2 and d / are defined by Eqs. (31), (33) and (44) for the cases of b < c and b > c, respectively.
Numerical results and discussion
Numerical results are obtained for the piezoelectric material PZT4 (Parton and Kudryavtsev, 1988) . The values of the electromechanical constants are presented in Appendix A. The required components of the matrix H for this material have the following values: The value of e a ¼ 10 À10 e 0 corresponds to an electrically impermeable crack, e a ¼ e 0 to the air, e a ¼ 2:5e 0 to the silicone oil, e a ¼ 81e 0 to the water. The value e a ¼ 4000e 0 can be considered as the one corresponding to an electrically permeable crack. D and J 0 are omitted in Tables 2 and 3 obtained by means of the developed here model and of the Griffith one.
It is also seen from the numerical results that, for the cases presented in Tables 1 and 3 , only one of the inequalities, b P c or b 6 c, respectively, is always valid. This is not the case for Table 2 where both cases, b P c and b 6 c, can take place depending on other parameters. It is also interesting to note that, for b P c, the length of mechanical yield zone depends neither on electrical permeability e a nor on the saturated limit D S . For b 6 c, it only insignificantly depends on these parameters. On the other hand, the electrical saturated zone length essentially depends both on e a and D S for any relation between b and c. Very small values of k c for large values of e a can be explained by a small difference d 1 À D for large e a as compared to the cases of small e a .
Conclusion
An assembly of two identical piezoelectric semi-infinite spaces adhered by thin isotropic interlayer is considered. The system is loaded at infinity by a uniformly distributed tensile stress and an electric displacement. It is assumed that the crack occurs in an interlayer and it is parallel to the interfaces between the interlayer and the substrates. The limited permeable electrical conditions (1) in the crack region are adopted. The piezoelectric material has the symmetry class 6 mm with the poling direction perpendicular to the faces of the interlayer. The plane strain conditions in the plane perpendicular to the crack fronts are considered. It is assumed that the interlayer yields at smaller stresses than the adherent materials. To avoid the singularity of the normal stress and of the electri- cal displacement at the crack tips, known for the Griffith crack and similar models, two distinct zones of different lengths -a zone of mechanical yielding of length l r ¼ b À a and a zone of electrical saturation of length l D ¼ c À a -are introduced in the interlayer in front of the crack tips. These zones permit to eliminate the mentioned singularities. The first zone is modeled by crack continuations with the faces subjected to a normal stress of a constant value r Y ¼ 2r ys . The second one is modeled by crack continuations with the faces subjected to an electrical displacement equal to the saturated electrical displacement D S of the interlayer. The thicknesses of the interlayer and of the introduced pre-fracture zones are assumed to be tending to zero. Therefore, outside of the crack taken with the introduced zones of mechanical yielding and electrical saturation, the substrates are assumed to be mechanically bonded and electrically continuous. Using the presentations of electromechanical values via sectional analytic functions, the formulated problem is reduced to a system of two equations of linear relationships (19) and (20). The exact solution of this problem is found analytically for both cases -when the electrical saturated zone is longer and when it is shorter than the zone of mechanical yielding. In the first case, the yield zone length is defined by Eqs. (28) and (29) and the jumps of mechanical displacement and of electrical potential in the initial crack tip are defined by formulas (31) and (33), respectively. In the second case, these values are defined by Eqs. (40), (41) and (44). In both cases, the unknown electrical displacement in the crack region can be found by means of Eq. (36) or (37), which are the same one as for the Griffith model of the considered crack. This possibility is confirmed by a special analysis, some results of which are presented in Figs. 3 and 4 . The J-integral for the Griffith model is defined by formula (9) and, it is found that, for the presented here model, it is defined by formula (47).
The behavior of the mechanical displacement jump ½u 3 ðx 1 ; 0Þ and the electrical potential jump ½uðx 1 ; 0Þ for the developed model and the Griffith one are shown in Figs. 5 and 6, respectively. Essential differences of results in the near-tip crack region between the two discussed models -the developed here model and the Griffith one -for the mechanical displacement jump and the electrical potential jump can be seen from these figures. On the other hand, the numerical results obtained by the two different models are very close in the major internal part of the crack region. The dependencies of the relative lengths of the studied zones of mechanical yielding and electrical saturation, the mechanical displacement jump, the electrical potential jump at the initial crack tip and the J-integral with respect to the intensity of the electrical flux d to a moderate increase of the zone of mechanical yielding and to an essential growth of the zone of electrical saturation. Although these zones are different, the values of d 1 exist for which the lengths of these two zones become equal to each other. Besides, the phenomenon observed in many previous publications consisting in a decrease of J Y with increasing d 1 is also observed here. Ta- bles 1-3 demonstrate the variation of the electric flux in the crack region, relative pre-fracture zone lengths, the crack opening and the jump of the electrical potential in the initial crack tip, and the J-integrals corresponding to the Griffith crack and to the developed model with respect to the electrical permeability of the crack medium. It is demonstrated that the length of the mechanical yield zone depends insignificantly on electrical permeability and the saturated electrical displacement. On the other hand, the electrical saturation zone length depends essentially on both these parameters, independently from the relation between the lengths of the mechanical yielding zone and the electrical saturation one. Finally, it is worth noting that all important fracture mechanical values such as crack opening displacement, electrical potential jump in the initial crack tip and the energy release rate are found in a simple analytical form in the present paper. We believe that the provided expressions are rather convenient for use in engineering analysis.
